The ground state and some low-lying excited states arising from the 1s 2 2s2p 2 configuration of the boron isoelectronic series are studied starting from explicitly correlated multideterminant wave functions. One-and two-body densities in position space have been calculated and different expectation values such as ͗␦͑r ជ͒͘, ͗r n ͘, ͗␦͑r ជ 12 ͒͘, ͗r 12 n ͘, ͗␦͑R ជ ͒͘, and ͗R n ͘, where r ជ, r ជ 12 , and R ជ stand for the electron-nucleus, interelectronic, and two electron center of mass coordinates, respectively, have been obtained. The energetic ordering of the excited states and the fulfillment of the Hund's rules is analyzed systematically along the isoelectronic series in terms of the electron-electron and electron-nucleus potential energies. The effects of electronic correlations have been systematically studied by comparing the correlated results with the corresponding noncorrelated ones. All the calculations have been done by using the variational Monte Carlo method
I. INTRODUCTION
Boronlike ions in their ground and first excited states have been studied by means of most of quantum chemistry methodologies such as configuration interaction, multiconfiguration Hartree-Fock ͑MCHF͒, many-body perturbation theory, or multiconfigurational Dirac-Fock, see e.g., Refs. 1-5 and references therein. Most of those works were focused on excitation energies, oscillator strengths, and transition rates between a number of excited states. However the knowledge of other interesting properties such as the oneand two-body electron densities is much more scarce due to the technical difficulties involved in the calculation.
Nowadays the variational Monte Carlo method has become a powerful tool in quantum chemistry calculations because it allows one to evaluate the expectation value of any operator between wave functions of any type and therefore one can work with an explicitly correlated trial wave function rather than expanding it in terms of Slater determinants. Then one can evaluate not only the energy but also some other properties such as the one-and two-body electron densities which are very difficult to obtain by using some other methods and which, especially the latter, are very sensitive to the effect of electronic correlations. These densities provide detailed and valuable information on the structure and dynamics of the system. For example, they play a key role in the understanding and interpretation of some interesting features of the electronic structure of atoms such as the Coulomb hole and the Hund's rule. [6] [7] [8] [9] [10] [11] [12] [13] This rule states that ͑i͒ if two states arise from the same configuration, the state having the highest spin will have the lowest energy, and ͑ii͒ among those states with the same spin value, the most bound one is that with the highest value of the orbital angular momentum.
An interpretation for item ͑i͒ was given by assuming that electrons with the same spin tend to keep apart, leading to a reduction of the Coulomb repulsion energy. However this argument has been shown to fail. By using accurate wave functions it has been obtained that the electron-electron repulsion energy is bigger for the state with the highest total spin, and it is the electron-nucleus energy that is responsible for the higher binding energy of this state. This was first found for some excited states of heliumlike systems by using Hylleraas-type wave functions, 9 and then for other atomic systems by using correlated and uncorrelated wave functions. [14] [15] [16] It has been also found that there are some other multiplets for which the first Hund's rule does not hold and some others for which the previous interpretation is not so direct. 16 To explain item ͑ii͒ it has been argued that electrons circulating in opposite directions, with a low total angular momentum, will meet frequently leading to a larger repulsive interaction. 17 As we shall see later for some states of the boron isoelectronic series coming from the same configuration, the explanation may not be as simple as that.
The aim of this work is to study the ground and some excited states of the boron isoelectronic series. Accurate and compact explicitly correlated trial wave functions are obtained here for these systems. The energy and some related properties, such as the electron-nucleus and electron-electron energies which are important in the discussion of the Hund's rules, are reported. The variational ansatz used in this work has shown to provide good results for the ground and lowlying excited states of four electron atomic systems. 16, 18, 19 We study here the 2 P ground state arising from the 1s 2 2s 2 p configuration as well as the states 4 P, 2 D, 2 S, and 2 P arising from the configuration 1s 2 2s2p 2 . The Hund's rule is fulfilled except for the 2 P and 2 S terms which are reversed for all of the systems. On the other hand, and as it is well known, the position of these states in the spectrum of the ion depends on the nuclear charge. For C + and higher ions these states are the four first excited states, while for B the states 1s 2 2s2p 2 -2 S and -2 P are highly excited. However a relevant difference between these two states takes place in the spectrum of the boron atom. Thus the 1s 2 2s2p 2 -2 S is the fifth positive parity 2 S state of the spectrum while the 2 P states with lower energy than 1s 2 2s2p 2 -2 P have negative parity. With these considerations we have been able to study all these states for boron, except for the 1s 2 2s2p 2 -2 S one, with good precision.
Starting from the wave functions obtained in this work we have computed, in addition to the energy, different oneand two-body position and momentum properties. One-body properties in position space can be studied in terms of the single-particle density, ͑r ជ͒,
which gives the charge distribution around the nucleus.
Two-electron properties can be studied in terms of both the interelectronic, or intracule, I͑r ជ 12 ͒, and the center of mass, or extracule, E͑R ជ ͒, densities 20, 21 defined as
respectively. These two-body functions represent the probability density function for a pair of electrons having a relative vector r ជ 12 or a center of mass vector R ជ , respectively. Their spherical averages will be denoted by h͑r 12 ͒ and d͑R͒, respectively. The intracule density in position space plays an important role in several physical and chemical problems such as, for example, the electron correlation problem or the interpretation of the Hund's rules. [6] [7] [8] [9] For two-and three-electron atoms it has been calculated by using highly accurate correlated wave functions, [6] [7] [8] [9] [10] [11] [12] [13] [22] [23] [24] leading to an extensive study of its properties. For heavier atoms the results known are more scarce. Correlated results have been obtained within a configuration interaction scheme 25 for the atoms of the second and third row, and, 26 from energy-derivative twoelectron reduced density matrices for some light atoms and starting from multiconfiguration Hartree-Fock wave functions for the beryllium atom. 27 It has been also obtained for the atoms helium to neon starting from explicitly correlated wave functions by means of the Monte Carlo method. 18, 28, 29 Much less work has been done for the extracule density. For He and Be atoms and by using accurate wave functions, correlated results have been recently reported 18, 23, 24, 27 and for the atoms helium to neon starting from explicitly correlated wave functions. 30 These two distribution functions provide insight into the spatial arrangement of the electronic charge. They have been analyzed here to elucidate the differences between the electronic clouds of doublets and quartets as well as the differences between states arising from the same configuration with the same spin and different orbital angular momentum. Finally the radial moment of order −1 of the single-particle and the intracule densities give the electron-nucleus attraction and the electron-electron repulsion energy, respectively. Because of the virial theorem these radial moments, ͗r −1 ͘ and ͗r 12 −1 ͘, and their behavior along the isoelectronic series play a key role in the energetic ordering of the excited states and henceforth on the interpretation of the Hund's rule.
The structure of this work is as follows. In Sec. II we show the wave function used in this work. The results obtained are reported and discussed in Sec. III. The conclusions and perspectives of this work can be found in Sec. IV. Atomic units are used throughout.
II. WAVE FUNCTION
The correlated trial wave function ⌿ used in this work is the product of a symmetric correlation factor F, which includes the dynamic correlation among the electrons, and a model wave function ⌽, which provides the correct properties of the exact wave function such as the spin and the angular momentum of the atom, and is antisymmetric in the electronic coordinates:
For the correlation factor we use the form of Boys and Handy 31 with the prescription proposed by Schmidt and Moskowitz. 32 We have worked with 17 variational nonlinear parameters in the correlation factor, which include electronnucleus, electron-electron, and electron-electron-nucleus correlations.
The model wave function has been fixed within the optimized effective potential ͑OEP͒ framework, which has been recently generalized to deal with multiconfigurational wave functions. 33 Within this framework the model wave function is written as
where k is each one of the states with the proper values of the total spin and orbital angular momentum arising from the configurations selected to describe the state under consideration. In this work the orbitals are built starting from the single-particle configurations 1s 2 nl p nЈlЈ q , with n , nЈ =2,3; l , lЈ = s , p , d; p , q ജ 0 and p + q = 3. To study a given state we have selected only those configurations which provide an improvement in the energy greater than the statistical error in the calculation. The importance of some configurations decreases as the nuclear charge Z increases in the isoelectronic series while the importance of some other configurations increases with Z. In all the configurations and/or states considered in the present work the 1s 2 term appears, and so it will not be written from now on.
Once the model wave function is built, the total trial wave function is obtained by multiplying it by the correlation factor F. The nonlinear parameters of the correlation factor and the linear coefficients C k of the expansion of the model wave function, Eq. ͑5͒, are taken as variational parameters. This constitutes a correlated basis set expansion of the trial wave function where the Hamiltonian is diagonalized. This step involves the solution of a generalized eigenvalue problem, with matrix elements computed by Monte Carlo method, obtaining a new set of the linear coefficients C k . Therefore, in the minimization process, the model wave function is also partially optimized, and the new set of linear coefficients C k modifies the position of the nodes of the wave function. The optimization of the wave function has been carried out by minimizing the total energy. The use of the Monte Carlo method limits the number of configurations than can be used in the expansion Eq. ͑5͒ because of the computing time.
Starting from the best wave function, different one-and two-body densities, their values at the origin, and the expectation values ͗t n ͘ where t stands for r, r 12 , and R, have been calculated. The value of each density at the origin has been calculated by using the relations
for the single-particle density, 34 and
for both the intracule ͑ = h , t = r 12 ͒ and the extracule ͑ = d , t = R͒ densities. 28 These expressions allow one to obtain a local property of the corresponding density in terms of the wave function evaluated in the whole domain. In order to calculate all these expectation values we have used ͉⌿͉ 2 as distribution function, except for h͑0͒ and ͗r 12 −2 ͘ for which we have used Q͉⌿͉ 2 , with Q = ͚ iϽj 1/r ij 2 , which provides more accurate results for those expectation values.
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III. RESULTS
The inclusion of the correlation factor F in the trial wave function modifies the weights C k of the different configurations appearing in the description of a given state in the OEP framework. In general, the weights depend on both the state studied and the ion considered.
The ground state of the boron isoelectronic series is a 2 P term, coming mainly from the 2s 2 2p configuration. The C k coefficient for this configuration in the correlated basis set expansion goes from 0.961 for B to 0.974 for C + , increasing up to 0.982 for Ne 5+ . The 2s-2p near degeneracy effect is taken into account by including the 2p 3 configuration in the expansion. Its weight is nearly constant along the isoelectronic series. Thus, the coefficient in the correlated basis set expansion goes from 0.19 for B to 0.184 for C + and decreases slowly up to 0.176 for Ne 5+ . We have also considered the 2s 2 3p, the 2s2p3s and the 2s2p3d configurations to describe the ground state, but their importance decreases quickly with the nuclear charge Z. Thus the global contribution of these three configurations is of about 4% for B and less than 0.5% for Ne 5+ .
The first excited state for all of the members of the boron isoelectronic series is the quartet 2s2p All the relative weights have been obtained within the correlated basis set.
A. Energies
In Table I we report the energy E of the states of the boron isoelectronic series studied here as compared with the estimated exact values, E exact , taken from the NIST database for atomic spectroscopy. 36 24 .435 88 a.u. Our goal here was not to improve the accuracy of previous variational works, instead we pursued to study in a common framework and by using accurate wave functions several aspects of the structure of the low-lying excited states of some member of the B isoelectronic series.
In order to get further insight into the energetic ordering of the states along the isoelectronic series, the electronnucleus attraction energy V en , the electron-electron repulsion energy V ee , the kinetic energy T, and the virial ratio
have been calculated and reported in Table I . In parentheses we show the statistical error in the Monte Carlo calculation of all these quantities. As = 2 for the exact wave function, the value of this quantity gives us additional information on the quality of the variational wave functions obtained here. In our calculations, this virial ratio is well reproduced. Because of the virial theorem, the discussion of the energetic ordering of the states of a given ion can be reduced to the behavior of V en and V ee with E. We have obtained that V en presents a systematic trend with E for all of the ions while V ee does not. Thus, as E increases, the absolute value TABLE I. Energy of some states of the boron isoelectronic series obtained in this work ͑E͒ as compared with those that can be considered as exact ͑E exact ͒ taken from Ref. 36 . The electron-nucleus attraction energy V en , the electron-electron repulsion energy V ee , the kinetic energy T, and the virial ratio are also given. of the electron-nucleus interaction is reduced for all of the ions considered here, except for the state 2s2p 2 -2 S of C + which has a smaller ͉V en ͉ value than the 2s2p 2 -2 P one. With respect to the electron-electron repulsion energy we have found that, for B, V ee decreases as E increases, whereas for N 2+ and higher Z ions the contrary holds. The ion C + presents some oscillations on the behavior of V ee with the energy. It is the balance between V en and V ee which gives rise to the final ordering of the states and provides a quantitative foundation of the Hund's rules.
The electron-nucleus attraction is stronger in the 2s 2 2p -2 P state than in the 2s2p 2 -4 P one for all the ions considered whereas the repulsion is weaker in the ground state only for the positive ions. Therefore in the charged species both terms contribute to make the 2s 2 2p-2 P state more bound while in the neutral atom the electronic repulsion is more intense in the ground state. However, this is not enough to overcome the attraction and therefore the ground state is the 2s 2 2p-2 P one.
The ordering obtained for the states arising from the 2s2p 2 configuration deserves an especial study. First, the quartet state is more bound than the doublet ones according to the Hund's rule. This is due to a greater attraction energy in the former which compensates its greater repulsion energy for B and C + . For the other ions, both the electron-nucleus attraction and the electron-electron repulsion contribute simultaneously to make the doublets less bound than the quartet.
The second Hund's rule is concerned with the energy ordering for terms with the same value of the total spin and different values of the total orbital angular momentum. The classical interpretation for this rule states that the electronelectron repulsion energy increases as the total orbital angular momentum decreases, giving rise to a higher total energy. This is the opposite to what happens for the S and P terms. This bigger electron-electron repulsion energy of the P state, along with the stronger electron-nucleus attraction energy of the S state, gives rise to the inversion of these states. More still, for C + , the repulsion energy, which is much smaller in the 2 S state than in the 2 P one, is the only one responsible for making the former more bound than the latter. According to our results, the original explanation only holds for the D states for Z ജ 7 ions which are the states with the smallest value of the electron-electron repulsion energy. For these ions, the 2 D state presents the smallest values of the electronelectron repulsion energy and the lowest values of the V en in such a way that both terms contribute to lower the energy of the 2 D state with respect to the 2 S and the 2 P ones. With respect to the B atom the repulsion is stronger in the 2 D state than in the 2 P one, contrary to the classical interpretation of the second Hund's rule. For the C + ion the smallest value of the electron-electron energy is for the S term and therefore the explanation of the Hund's rule fails. However this interpretation holds for the P and D terms, where the lowest orbital angular momentum, L = 1, presents the highest repulsion energy.
Thus, and as a conclusion, the electron-nucleus interaction V en is a major determinant of the experimental ordering of the states in the Boron isoelectronic series, and therefore is responsible for making the Hund's rule to hold or to fail, with the only exception in C + previously commented. Most of the results reported in the literature are for excitation energies, and the ground state energy is not usually given. Therefore a direct comparison between the energies is not possible. In order to compare our results with others obtained by using a different theoretical approach, we give in Table II 
B. Moments and densities
The moments ͗t n ͘, with n = −2 , . . . , 4, and where t stands for r, r 12 , and R, of the single-particle density and of both the intracule and extracule two-body densities, are reported in Tables III-V, respectively. In these tables we also give the value of the corresponding density at the origin. The moments of negative order inform us about the behavior of the corresponding density near its origin, whereas the moments of positive order of a density distribution give us information at long distances. We will discuss here the average size of the systems in terms of the square root of the moment of order 2.
The value of the single-particle density at the origin ͑0͒ for the ground state is greater than the one of many of the excited states studied. However the precision in our Monte Carlo calculation is not sufficient to compare adequately the excited states among themselves. The same behavior is found for the moment of order −2. The trend of the expectation value ͗r −1 ͘ has been previously discussed as it gives the electron-nucleus potential energy V en =−Z͗r −1 ͘. The ground state of B has the smallest size in this atom. As Z increases, first the state 2s2p 2 -4 P and finally all the states from the 2s2p 2 configuration become smaller than the ground state. For these positive ions, the smallest size corresponds to the quartet excited state 4 P, but the difference between states of different spin diminishes as the nuclear charge increases. This does not imply a stronger electronnucleus attraction due to shielding effect and redistribution of the electrons as we shall see later.
The results reported in Table III for the different ions show that the excited state 2 S presents a more diffuse electronic charge distribution than any other state. Besides, a comparison between the excited states with spin S =1/2 shows that the higher the total angular momentum the smaller is the root mean square radius, i.e., the atomic size decreases as the total angular momentum increases.
In Table IV we report the values corresponding to the intracule density h͑r 12 ͒. As for the single-particle density, the highest value of the intracule at the origin corresponds to the ground state. For the doublet excited states, h͑0͒ decreases from the 2 S state to the 2 D and then to the 2 P one. The smallest value of h͑0͒ corresponds to the quartet state 4 P for N 2+ and higher ions, but takes similar values to those of the excited 2 P state for B and C + . The moments of negative order ͗r 12 −2 ͘ and ͗r 12 −1 ͘ do not follow the same trend as h͑0͒, and have been previously discussed in the case of the moment of order −1 because it coincides with the electronelectron repulsion energy, V ee . The ground state of B and C + presents the less extended interelectronic distribution as compared with the other states. However this situation changes gradually for the other ions, for which first the excited states 4 P and 2 P and then all the others present a smaller root mean square radius than the ground state. A comparison among the excited states shows that for B the largest average electron-electron separation takes place in the 2 P state, and, for the positive ions, in the 2 S one. The 2 P state presents the smallest mean interelectronic distance for the excited states of the positive ions whereas the 4 P and the 2 D lie in between. The values corresponding to the extracule density d͑R͒ are shown in Table V . Again the highest value of the extracule density at the origin corresponds to the ground state. For the excited states the greatest value is for the 2 S state, then for the 2 D and the 4 P ones, and, finally, the smallest value is for the 2 P. With respect to the moments ͗R n ͘, the greatest value of ͗R −1 ͘ and the smallest value of ͗R 2 ͘ in the boron atom take place in the ground state, while for the rest of the ions this corresponds to the 2s2p 2 -4 P excited state. In general, the behavior is the same for all the ions considered, i.e., the moments of positive order of the 2s2p 2 -4 P state are clearly smaller than those of the other states from the same configuration with spin S =1/2, whereas the contrary holds for the moments of negative order. This indicates that electrons in the state with the highest spin seek for a position opposite with respect to the nucleus, as compared with electrons in states with S =1/2.
A deeper insight into the differences on the electronic distribution of the different states along the isoelectronic series can be obtained by means of the one-and two-electron distributions. These density functions provide a fully local information ͑spherically averaged͒ on the electron cloud and can be used to elucidate the differences found for the different systems here considered. In Figs. 1-4 we plot the difference functions ⌬ 1−2 f =4t 2 ͓f 1 ͑t͒ − f 2 ͑t͔͒ where t stands for r, r 12 or R, and f 1 ͑f 2 ͒ for either the single-particle or intracule or extracule densities of the state 1 ͑2͒ of the ion under study. For example, ⌬2 S-2 P ͑r͒ is the difference between the radial one-body density of the 2 S and 2 P states. In Fig. 1 we compare the ground and the first excited state. Both of them have a total orbital angular momentum L = 1. The ground state is a doublet coming mainly from the configuration 2s 2 2p while the excited state is a quartet arising from the 2s2p 2 configuration. In Figs. 1͑a͒-1͑c͒ we plot the difference function for the single-particle, the intracule, and the extracule density, respectively. The results plotted in Fig. 1͑a͒ , ⌬4 P-2 P͑gs͒ ͑r͒, show that the single-particle density in the ground state reaches bigger values than in the 4 P one at short distances from the nucleus, i.e., in the ground state there exists a smaller shielding that leads to a stronger electron-nucleus attraction; the 4 P state concentrates its charge at intermediates distances in such a way that in all cases the absolute value of V en is smaller than in the ground state. At larger distances there appears a second positive maximum for B and C + from where the difference function 
approaches to zero. In Fig. 1͑b͒ we plot the results for the intracule density. The short range behavior of this difference function can be understood as a Fermi hole due to the fact that in the quartet the spins of the electrons are parallel. For boron, this hole is big enough to make the repulsion energy bigger in the ground than in the first excited state. However the relative importance of this hole decreases rapidly as the nuclear charge increases, in such a way that for Z ജ 7 both the repulsion energy and the attraction energy contribute to make the 2 P state the ground state of these five-electron systems. Again, for larger interelectronic distances there appears a second positive maximum for B and C + from where the difference function approaches zero. Finally, a complementary information on the spatial distribution of the electrons in those states is provided by the difference function of the extracule density ͓Fig. 1͑c͔͒. The positive region near the origin indicates that there is a tendency of the electrons in the 4 P state to be at opposite positions with respect to the nucleus as compared with the 2 P. In doing so, a reduction of the electron-electron repulsion is favored without raising the value of the electron-nucleus potential energy.
To study the effect of the spin within the same configuration we compare in Fig. 2 the excited states 4 P and 2 P from the configuration 2s2p 2 . In Fig. 2͑a͒ we plot the difference function ⌬2 P-4 P ͑r͒. For B it is oscillating, nearly flat, for small values of r. Then it takes negative values, and finally, there appears a positive region from where it approaches zero. This behavior makes the electron-nucleus attraction energy stronger in the quartet than in the doublet. For all the positive ions the structure of the difference function is the same: two negative regions followed by a region where the difference is positive. Thus the function vanishes asymptotically with positive values. This structure leads to both a TABLE III. Value at the origin and some radial moments of the single-particle density for the different states of the members of the boron isoelectronic series here studied. In parentheses we give the statistical error in the last figure. lower value of V en and a smaller average size in the quartet as compared to the doublet. In Fig. 2͑b͒ we plot the difference function ⌬2 P-4 P h͑r 12 ͒. The behavior of this difference function is completely different for the B atom as compared to the positive ions. For B it presents a negative region followed by a positive one in such a way that the repulsion energy is stronger in the quartet than in the doublet. As the nuclear charge increases this situation reverses completely, making the repulsion energy in the doublet greater than in the quartet. Therefore the Fermi hole is clearly appreciable in the positive ions but not in the neutral atom. This may be due to the fact that in the neutral atom the average size of the doublet is much greater than the average size of the quartet, making the electrons to be, on average, closer in the state with the highest spin. In Fig. 2͑c͒ we plot the difference function ⌬2 P-4 P d͑R͒. The behavior of this difference function is similar for all the systems considered. It has a negative region followed by a positive one that means that electrons in the quartet seek for a opposite position with respect to the nucleus as compared with the behavior in the doublet. Therefore the role of angular correlations is more important when the spin of the electrons are parallel than in the other case. The second Hund's rule states that for terms coming from the same configuration and with the same value of the spin, the higher the orbital angular momentum L, the lower is the energy. However this is not fulfilled for the members of the boron isoelectronic series here studied, because in all of the cases considered the 2 S term is more bound than the 2 P one. In order to study the role of the orbital angular momentum on the electron distribution we compare states with different L values. We compare first the states 2 P and 2 D and second the states 2 S and 2 P. In Fig. 3 we show the results for the comparison between the states 2 P and 2 D. In Fig. 3͑a͒ we plot the difference function for the single-particle density. Value at the origin and some radial moments of the intracule density for the different states of the members of the boron isoelectronic series here studied. In parentheses we give the statistical error in the last figure. This function presents a similar behavior for all the ions, i.e., two minima and two maxima. The first minimum appears at short distances in such a way that the shielding of the electrons in the 2 D state is smaller than in the 2 P one. For B the differences are much greater than for the rest of ions, which may be due to the fact that in this atom the state 2 P lies in the continuum. In Figs. 3͑b͒ and 3͑c͒ we plot the difference function for both the intracule and the extracule density, respectively. Again there exists a different behavior in the intracule density between B and the other ions. For the positive ions there is a greater probability for smaller interelectronic distances in the 2 P state than in the 2 D one, and the contrary holds for B. The extracule density shows the same behavior for all the systems, i.e., a greater probability to find the electrons at opposite positions with respect to the nucleus in the 2 D state than in the 2 P one.
In Fig. 4 we plot the difference functions between the states 2 S and 2 P. We have used this order because 2 S should be less bound than 2 P according the Hund's rules. The comparison with Fig. 3 will provide a deeper insight on the energetic ordering of the states. The single-particle difference function is shown in Fig. 4͑a͒ . This difference function is positive at short distances for all of the systems studied, making the 2 S state more attractive than the 2 P one, except for C + for which the great negative region compensates for the positive one. Figure 4͑b͒ represents the difference function for the intracule density. Although it is positive for small interelectronic distances, making that the probability of electrons to meet is greater in the 2 S state, this is not sufficient to overhead the magnitude of the negative region, which makes V ee greater in the 2 P state than in the 2 S one, contrary to the classical explanation of the Hund's rule. These differences on TABLE V. Value at the origin and some radial moments of the extracule density for the different states of the members of the boron isoelectronic series here studied. In parentheses we give the statistical error in the last figure. the charge distribution make the 2 S state more attractive and less repulsive than the 2 P, leading to a bigger binding energy in the former.
C. Angular correlations
A systematic analysis of the angular correlations between the electrons can be done by using the angular correlation factor r ជ , introduced by Kutzelnigg, Del Re, and Berthier,
This quantity is bounded in magnitude by unity, −1 ഛ r ជ ഛ 1. r ជ =1 ͑ r ជ =−1͒ means perfect positive ͑negative͒ correlation and r ជ = 0 stands for either noncorrelated variables in the statistical sense or for independent variables. For atomic systems, statistically noncorrelated variables mean that the position vectors of any pair of particles are, on average, orthogonal, while independent variables mean that the diagonal term of the two-body density matrix is the product of the one-body distribution functions.
The angular correlation coefficient is related to quantities that may be obtained from experimental measurements, such as the diamagnetic susceptibility and the dipole oscillator strength distribution, 24 or the x-ray and/or high-energy electron scattering intensities. 39 Similar definitions are done in momentum space. Here ͗p ជ 1 · p ជ 2 ͘ is related to the specific mass shift correction to the energy and is sensitive to the quality of the variational wave function. More general correlation coefficients can be defined 38 by using different probe functions in order to characterize and measure the statistical FIG. 1. Difference of the radial one-body ͑a͒, intracule ͑b͒, and extracule ͑c͒ densities between 4 P ͑first excited state͒ and 2 P ͑ground state͒ for some members of the boron isoelectronic series.
FIG. 2.
Difference of the radial one-body ͑a͒, intracule ͑b͒, and extracule ͑c͒ densities between the excited states 2 P and 4 P for some members of the boron isoelectronic series.
correlation. In particular, some scalar and vectorial functions have been used to study systematically the statistical correlation and its dependence on the nuclear charge, degree of excitation, and angular momentum at different regions of the nuclear charge for some excited states of the helium isoelectronic series. 40 Radial and angular statistical correlation coefficients have been also calculated for the ground state of some members of the beryllium isoelectronic series 41, 42 focusing on the shell effects and the role of the nuclear charge.
These angular correlation factors in both position and momentum spaces along with some other two-body properties such as ͗r ជ 1 · r ជ 2 ͘ = ͚͗ iϾj r ជ i · r ជ j ͘ are reported in Table VI . In position space, and for all the ions considered, our results indicate that all the states present negative angular correlation, except the 2s2p 2 -2 P which has a negative angular correlation for B and a positive value for all the positive ions. The most negative values correspond to the 4 P state which may be due to the fact that this is the term with the highest spin. The value of r ជ does not present a systematic behavior along the isoelectronic series. Thus, for the ground state, it increases slightly as Z does; for the first excited state it decreases from B to C + , but then it remains practically constant for the rest of ions. For the doublets 2 D and 2 S this coefficient does not modify appreciably its value along the isoelectronic series. For the excited state 2 P, r ជ increases noticeably; this means that, for this state electrons tend to be at the same side of the nucleus as Z increases.
In momentum space the behavior is completely different. For the ground state, p ជ is positive for B, has a null correlation for C + , and is negative for all the rest of ions. This coefficient is negative for the rest of states and for all the ions. An important characteristic is that for all the states and all the ions, this coefficient decreases monotonically as the nuclear charge increases. FIG. 3 . Difference of the radial one-body ͑a͒, intracule ͑b͒, and extracule ͑c͒ densities between the excited states 2 P and 2 D for some members of the boron isoelectronic series .   FIG. 4 . Difference of the radial one-body ͑a͒, intracule ͑b͒, and extracule ͑c͒ densities between the excited states 2 S and 2 P for some members of the boron isoelectronic series.
We also report in Table VI some correlated momentum expectation values which are directly obtained in the Monte Carlo calculation. In particular, we show the expectation values ͗p 2 ͘ ͑the double of the kinetic energy͒, ͗p 12 2 ͘, ͗P 2 ͘, and ͗p ជ 1 · p ជ 2 ͘. These two-body expectation values and ͗p 2 ͘ are not linearly independent. For five electron atoms, the following relationships can be straightforwardly obtained:
The first of these two equations shows how the center of mass and the interelectronic moments of order 2 contribute to the kinetic energy, and therefore to the total energy due to the virial theorem. The second one give us information about the relative importance of the two contributions to the kinetic energy. If angular correlations in momentum space are zero, p ជ = 0, then the contributions to the total kinetic energy coming from the the center of mass of the electron pair and that from the relative motion are identical. If the system presents positive angular correlations in momentum space, i.e., p ជ is positive, then the largest contribution to the kinetic energy comes from the center of mass movement of the electrons ͑ground state of B͒, whereas the interelectronic movement of the electrons is more important if p ជ is negative ͑all the ions and states except the ground state of both B and C + ͒.
D. Electronic correlations
In order to study the effects of the electronic correlations, the correlated results are compared with the noncorrelated ones, typically obtained in a Hartree-Fock calculation. For the systems considered here, this can be done for all of the states studied except for the 2s2p 2 -2 S state of the boron TABLE VI. Several two-body position and momentum properties for for the different states of the members of the boron isoelectronic series studied here. In parentheses we give the statistical error in the last figure. the doublet ones is due to the Fermi statistical hole that is present in the quartet state and not in the doublet one, making the effect of electronic correlations to be smaller in the 4 P state. The decrease in the total energy when electronic correlations are included is due, mainly, to the electronic repulsion energy, except for the ground state of B and C + for which the increment in the attraction energy ͑greater in B than in C + ͒ is comparable to the decrease in the repulsion energy when the correlated wave functions are used. Therefore, and as it could be expected, the main modifications in the electronic distribution appear in the two-body densities, i.e., in the intracule and extracule densities.
In Fig. 5 we plot the difference function ⌬f͑t͒ defined as
where f c ͑f u ͒ stands for the correlated ͑uncorrelated͒ density. This quantity gives the effect of the electronic correlations on f. In Fig. 5͑a͒ we show the results obtained for the intracule density and in Fig. 5͑b͒ those for the extracule density of the ground state of the atoms of the boron isoelectronic series here studied. The structure of this difference function for the intracule density is not as simple as in, for example, the He atom, for which a negative region with only one minimum is followed by a positive region with a maximum and then it vanishes asymptotically. In all of the cases studied here, the negative region of the intracule difference function presents two minima and one local maximum in between these minima. For higher values of r 12 , the difference function changes sign, reaches its global maximum, and then tends to zero monotonically from positive values. The relative importance of the Coulomb hole increases as the nuclear charge does.
In Fig. 5͑b͒ we plot the difference extracule density function. It is positive at low values of the variable and negative for high R values. This means that electrons seek for opposite positions with respect to the nucleus when electronic correlations are included in the wave function. In this way the average interelectronic distance increases, diminishing the repulsion energy without increasing the averaged electron-nucleus distance, i.e., the absolute value of the attraction energy does not decrease.
A study of the excited states is shown in Fig. 6 for N 2+ , which is representative for the rest of the ions. The data of the corresponding ground state are also included to have a reference to compare with. The difference function for the intracule function ͓Fig. 6͑a͔͒ is less important for the 4 P state because the Fermi statistical correlation, which is also present in the noncorrelated wave function, keeps the electrons apart, diminishing the effect of electronic correlations. This Coulomb hole is much more important for the excited 2 P state and takes similar values for the other two doublet states. The only exception we have found is for C + , for which the 2 S state presents a more important difference function than for the rest of excited states. In Fig. 6͑b͒ we plot the difference extracule function for the same states. In this case the doublet states present a positive region followed by a negative one, which means that electrons in the doublets seek an opposite position with respect to the nucleus when electronic correlations are considered. As this effect has been partially accounted in the quartet state due to the Fermi statistical correlation, the difference function ⌬d͑R͒ is less important in this state than in the doublet ones. In fact, the quartet state presents two small positive regions, following each one of them by a small negative one. Therefore, in the quartet state, electrons increase the extracule density at R = 0, but, on average, it decreases at small R values. This behavior is different to that found for doublet spin states, showing the importance of the spin on the correlations.
IV. CONCLUSIONS
The ground state and some low-lying excited states of the boron atom and some members of its isoelectronic series have been studied. We have considered the ground state ͑ 2 P͒ and the quartet ͑ 4 P͒ and doublets ͑ 2 S , 2 P , 2 D͒ excited states coming from the 2s2p 2 configuration. Accurate, explicitly correlated wave functions constituted by a Jastrow-type correlation factor and a multideterminant expansion have been obtained for the different states. Starting from those wave function the total kinetic and potential energies have been calculated. One-and two-body properties as the singleparticle density, the intracule and extracule densities, and some of their radial moments are reported here. Several aspects of the electronic structure of these systems, the energetic ordering of the states, and the effect of electronic correlations have been analyzed in terms of these quantities. All the calculations of this work have been performed by using the variational Monte Carlo method.
The 2s 2 2p-2 P ground state presents the lowest value of the electron-nucleus attraction energy as well as the lowest electron-electron repulsion energy, except for the neutral atom where the repulsion is smaller in the first excited state, 2s2p 2 - 4 P. An analysis of the single-particle density reveals that in the ground state it presents a higher concentration of the electron charge density at short distances from the nucleus leading to a bigger binding. A comparison of the intracule density of the ground state and the quartet reveals the presence of the Fermi hole induced by the different spin coupling of these two states. In spite of this hole the electron-electron repulsion energy is smaller in the 2s 2 2p -2 P ground state than in the first excited state, 2s2p 2 -4 P, except for the boron atom.
With respect to the terms coming from the 2s2p 2 configuration, the most bound term is, according to the Hund's rule, the quartet ͑S =3/2͒. This is due to the deepest electronnucleus attraction of this state as compared with the others. Contrary to the traditional interpretation of this rule, the electronic repulsion is higher in the quartet for B and C + . However this is not enough to overcome the effect of the electron-nucleus interaction. For the other ions considered here, both terms of the potential energy contribute in the same direction to make more bound the quartet states. These values are consistent with the differences found in the singleparticle density that shows a higher charge concentration in the quartet at short distances. The Fermi-hole appears clearly in the positive ions but not in the neutral atom. Finally, the electrons are more concentrated at opposite positions with respect to the nucleus in the quartet than in the doublets. With respect to the energy of the states arising from the same configuration with the same total spin, the Hund's rule is only fulfilled by the L = 2 term. The classical explanation of this fact, assuming higher repulsion for lower L values, only holds for Z ജ 7 ions. We have found that the deeper electronnucleus attraction energy is finally responsible for the relative energy of these states. With respect to the S and P states, the electron repulsion is smaller in the former ͑contrary to the previous hypothesis͒ giving rise to the Hund's rule not being fulfilled here. As before these values are consistent with the differences found in the electronic distribution for these states along the isoelectronic series.
The angular correlation coefficients show that most of the states considered here present negative angular correlation in both position and momentum space. The term with the most negative angular correlation in position state is that with the highest total spin value. In momentum space, the angular correlation factor takes more negative values as the nuclear charge increases.
The effect of the electronic correlations has been systematically analyzed. In general, when the correlations are included the Coulomb hole appears and the electron-electron repulsion is reduced. The effect of the correlations is smaller, as it could be expected, for the 2s2p 2 -4 P state because of the Fermi hole. The 2s2p 2 -2 P state presents the most important Coulomb hole, except for the C + ion for which the 2 S state has a bigger hole. In general, the correlations tend to favor opposite positions with respect to the nucleus of the electronpairs, increasing in this way the averaged electron-electron distance with minor effects on the electron-nucleus attraction energy. The local effect of the correlations, especially in the case of the extracule density, presents a marked dependence on the total spin of the system.
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